In orthogonal frequency division multiplexing (OFDM) systems with differential phase shift keying (DPSK), it is possible to apply differential modulation either in the time or frequency domain depending on the condition of fading channels, such as the Doppler frequency shift and the delay spread. This paper proposes a simple calculation method, that is, an approximate closed-form equation of the bit error rate (BER) in DPSK/OFDM systems mentioned above over both time and frequency selective Rician fading channels. The validity of the proposed method is demonstrated by the fact that the BER performances given by the derived equation coincide with those by Monte Carlo simulation. key words: DPSK/OFDM system, Doppler frequency shift, delay spread, bit error rate, closed-form equation
Introduction
Intensive research has been conducted on the adaptation of orthogonal frequency division multiplexing (OFDM) to high-rate wireless data transmission systems because of its high spectrum efficiency and its resistance to multipath fading [1] , [2] . Beside the above advantages, however, intersymbol interference (ISI) and inter-carrier interference (ICI) give intolerable degradation to the bit error rate (BER) performance over fading channels [2] - [5] . The ISI, which is caused by the delay spread, can be easily neglected when multipath delay is within a guard interval (GI), while the ICI, which is caused by the Doppler frequency shift, cannot be canceled without ideal estimation at a receiver.
In OFDM systems with differential phase shift keying (DPSK), it is possible to apply differential modulation either in the time or frequency domain depending on the condition of fading channels, such as the Doppler frequency shift and the delay spread [6] , [7] . Besides the ICI, the BER performance in those systems is influenced by time or frequency correlation between adjacent symbols. Generally, the symbol period in OFDM systems is much longer than that in single carrier systems in order to reduce the effect of the delay spread. Owing to this fact, inter-symbol fluctuation in the time domain caused by the Doppler frequency shift is led to be large, while inter-carrier fluctuation in the frequency domain caused by the delay spread is led to be small. Consequently, there exists a merit to adopt the differential mod- ulation in the frequency domain depending on the channel condition.
Theoretical analyses of the BER in OFDM systems with DPSK have been proposed [7] - [9] . In [8] and [9] , the BER performance has been analyzed considering frequency selective Rayleigh and Rician fading channels, but only in the time domain differential modulation. In [7] , taking account of the merit mentioned above, both time and frequency domain differential modulations over Rayleigh fading channels have been investigated with closed-form BER expressions. But the ICI needs to be actually calculated from the Rayleigh fading channel modeled by a tappeddelay line, which is called as a delay profile model. There exist many delay profile models in frequency selective fading channels, then this forces the calculation of the BER to be complexity.
Many theoretical analyses of factors in degrading BER have been conducted (e.g., [10] ). Among them, a closedform equation of the BER could be helpful in design and development of mobile radio systems, because it is important to have a quantitative understanding of the influence of each factor upon the BER. This paper proposes a simple calculation method, that is, an approximate closed-form equation of the BER in DPSK/OFDM systems over both time and frequency selective Rician fading channels, taking account of the differential modulation in both time and frequency domains. A "simple" means that the BER can be easily and promptly calculated by only substituting several parameter values of the channel condition into the derived closed-form equation.
The rest of the paper is organized as follows. Section 2 contains a system model. Section 3 presents a statistical derivation method of the equation. In Section 4, the validity of the proposed method is demonstrated by the fact that the BER performances given by the derived equation coincide with those by Monte Carlo simulation. Finally, the conclusion is in Section 5. using IFFT, parallel-to-serial conversion and addition of the GI. It is assumed that the ISI can be completely avoided with the GI which is longer than the maximum multipath delay. In a transmission block, an OFDM signal is subjected to the fading and is added the white Gaussian noise (AWGN). In a demodulation block, the desired binary data sequence is demodulated from the received OFDM signal through a reverse process of the modulation block. Fig. 2 illustrates the method of the differential modulation in DPSK/OFDM systems, where f n (n = 1, 2, · · · , N) is a subcarrier frequency, T s (= T d + T g ) is an OFDM symbol period, which is composed of a GI period T g and a data symbol period T d . With the differential modulation in the time domain, which is called as 'DMT' hereafter, the symbol #b is differentially encoded according to binary input data considering the symbol #a as a reference symbol. On the other hand, with the differential modulation in the frequency domain, which is called as 'DMF' hereafter, #c is differentially encoded considering #a as a reference symbol.
System Model

Statistical Analysis of BER Performance
Generally in wireless communication systems, the BER is degraded by the time and frequency fluctuations over fading channels. In OFDM systems, the BER is furthermore degraded by the ICI because of the loss of orthogonality among subcarriers.
We have investigated the effect of the time fluctuation caused by the Doppler frequency shift in the single- carrier systems with DBPSK [11] , [12] . In this section, we will introduce a full detail of the extended statistical analysis including the frequency fluctuation caused by the delay spread, and then a few comments will be made on overlapping points. Fig. 3 shows a vector of the received signal affected by the AWGN and the Rician fading which has a line-of-sight (LOS) path and non-LOS diffused path. Let z r and z d be respectively reference and demodulating symbol vectors at a symbol timing, then an output signal v o is given by [11] 
Effect of Time and Frequency Correlations
where
Assuming that a binary data sequence is composed of all +1, a bit error occurs when v o becomes minus and then the BER in DBPSK can be expressed as
In order to calculate (3), mean values and variances of r 1 and r 2 must be investigated. Let A be an envelope of the direct wave through a LOS path. Assuming a frequency offset of local oscillator to be very small, mean values of r 1 and r 2 become
since z r and z d have the same polarity. Let σ 2 s and σ 2 n be variances of the Rayleigh wave through the diffused path and the AWGN, respectively, then variances of r 1 and r 2 become
where ρ is the covariance between z r and z d , that is, the fading correlation. As shown in Fig 
where f D is the maximum Doppler frequency, J 0 (·) is a Bessel function of the first kind of zeroth order. On the other hand, the frequency correlation function ρ(∆f ) can be derived by the Fourier transform of a multipath power delay profile S (τ) as follows [13] :
A reference power delay profile with the rms delay spread σ τ for most environments is specified as [14] S
which is called as an exponential profile. From (7) and (8), ρ(∆f ) and its envelope characteristic |ρ(∆f )| can be easily calculated as
Consequently, the covariance ρ in (5) can be obtained by substituting ∆t = T s and ∆ f = 1/T d into (6) and (10), respectively:
where α is called as 'GI factor' hereafter.
Defining the variances of r 1 and r 2 as σ 
From (4) and (12), probability density functions of r 1 and r 2 can be expressed as
which are called as Rician distribution and Rayleigh distribution, respectively. Finally, the BER in (3) can be derived after integration and rearrangement as follows:
where Γ is the ratio of energy per bit to the spectral noise density (E b /N 0 ) on the received signal, and
) is the Rician K-factor. The fading correlation ρ in (11) consequently causes the BER degradation of the demodulating symbol.
The time and frequency fluctuations give rise to not only the BER degradation but also the interference to the other symbols of all subcarriers, which degrades the BER furthermore in OFDM systems. We will analyze the interference in the following subsections, which is based on the concept of complex Fourier series. Fig. 4 illustrates the complex Fourier coefficients c k which is given by
where T is the Nyquist interval. Now f (x) is assumed to be the interference which occurs at a certain subcarrier, the complex Fourier coefficients of f (x) are classified into two cases:
1. c k (k 0) is an alternating current (AC) component of f (x), and |c k | 2 can be considered as the inter-carrier interference (ICI) power, 2. c 0 is a direct current (DC) component of f (x), and |c 0 | 2 can be considered as the intra-symbol interference power only in the case of DQPSK. The details will be described below.
Effect of Inter-Carrier Interference
When a carrier cos(2π f c t) passes through the fading channels, the received carrier frequency is affected by Doppler frequency f D cos θ, where θ is a random phase with the uniform distribution of [0, 2π). Then the received carrier r(t) can be expressed as [5] The second term of (16) means the ICI from the loss of orthogonality among subcarriers, which occurs for both DMT and DMF. From (15) and Fig. 4 , the interference power to a subcarrier k (k 0) can be obtained as
It is found from (17) that the interference power from a remote subcarrier k l (large number of k) is kept to be small. Therefore, by using the symmetricity of the complex Fourier coefficients and Euler zeta function, the total power of ICI I
where it is assumed that the number of subcarriers in OFDM systems is very large. Finally, the average power I a of ICI caused by the Doppler frequency shift can be derived by averaging (18) by uniformly distributed θ as follows:
(1 + α) 2 , for DMT and DMF.
One thing which we would like to mention here is that, against the delay spread, the carrier frequency f c keeps invariable and the orthogonality among subcarriers consequently stays as it is. Fig. 5 illustrates a concept of the intra-symbol interference, where ψ is a phase rotation angle of the demodulating symbol z d caused by the fading. This rotation gives rise to the degradation of the symbol energy and the interference to the quadrature channel component. As mentioned above, the differential detection in DMT is carried out by the phase difference between z r and z d which have a time interval of T s in the same subcarrier. Then the ψ in terms of time can be expressed as
Effect of Intra-Symbol Interference
which is caused by the Doppler frequency shift. On the other hand in DMF, z r and z d have a frequency interval of 1/T d in the same time, and then the ψ in terms of frequency can be expressed as
which is caused by the delay spread and is derived by taking the angle of (9) into account. Therefore, the received carrier r(t) with the phase rotation ψ becomes r(t) = cos (2π f c t + ψ) = cos ψ cos(2π f c t) − sin ψ sin(2π f c t).
In (22), cos ψ and sin ψ mean the degradation of the symbol energy and the interference to the quadrature channel component, respectively. When assuming |2π f D t cos θ| 1 and |2πσ τ f | 1, cos ψ and sin ψ in (22) can be approximated as
Consequently, the degradation of the symbol energy can be neglected, while the interference to the quadrature channel component must be considered as the intra-symbol interference. One thing to which we must pay attention here is that the intra-symbol interference occurs only in the case of DQPSK. The average interference power to the quadrature channel component can be calculated by taking account of a DC component |c 0 | 2 of complex Fourier coefficient in (15) . 
In the same way, the interference power I σ τ d caused by the delay spread becomes
, for DMF.
Finally, the average interference power I d to the quadrature channel component can be expressed as
Carrier-to-Noise Plus Interference Power Ratio
Due to the inter-carrier and intra-symbol interferences mentioned above, the BER expressed by (14) is more degraded. Here, the desired equation will be derived by introducing the Gaussian approximation [12] , [15] . Concretely speaking, it is necessary to derive the carrier-to-noise plus interference power ratio (CNIR) which involves the interference power estimated as the Gaussian noise. It is a point to notice that the two interference powers should be included in the CNIR of the received Rayleigh wave since those interferences are caused by Rayleigh fading. Γ/(K + 1) in (14) indicates the E b /N 0 of the received Rayleigh wave [11] , which can be rewritten as
where γ NI means the CNIR of the received Rayleigh wave. By regarding the interference powers I a and I d as the increase of disturbance powers besides the AWGN against the signal power, γ NI can be expressed as
where γ N is the CNR of the received Rayleigh wave. Moreover, the CNR γ N can be calculated from the total E b /N 0 Γ EN of the received signal (Rician wave) as follows:
where 1/(1+α) means the energy loss caused by the removal of the GI. From (29) and (30), (28) becomes
Finally, substituting (11) and (31) into (14) leads the approximate closed-form equation of the BER in DPSK/OFDM systems over both time and frequency selective Rician fading channels. The interference powers I a and I d in (31) have been represented in (19) and (27), respectively. This method can simply calculate the BER from the values of the maximum Doppler frequency normalized by the symbol frequency f D T s , the rms delay spread normalized by the symbol duration σ τ /T s , the Rician factor K, the GI factor α and the E b /N 0 of the received signal Γ EN .
Numerical Evaluation
We will justify the proposed method by comparing the BER performances given by the derived equation with those by Monte Carlo simulation, which is precisely constructed based on the system model in Section 2.
Figs. 6 and 7 show the BER performances over Rayleigh and Rician fading channels, respectively. The delay profile model in the simulation is assumed to be an exponential profile in (8) . It is found from these figures that the approximate BER performances coincide with the simulation ones at any condition, that is, at any value of f D T s , σ τ /T s , K, α and Γ EN . The equation can precisely express the following characteristics of the BER performance in OFDM systems over fading channels which are qualitatively and widely known:
1. As shown in Fig. 6(a) , the larger rms delay spread σ τ /T s and the larger GI factor α cause the performance in DMF to be more degraded, because the frequency correlation in (11) becomes small, and moreover, the intra-symbol interference in (27) and the energy loss in (30) become large. 2. As shown in Fig. 6(a) , the variation of σ τ /T s gives no effect on the performance in DMT, because each subcarrier in OFDM is affected by only frequency-flat fading and the ISI which is caused by the delay spread can be perfectly canceled by the GI. 3. As shown in Fig. 6(b) , the performance in DMT is more sensitive to the Doppler frequency f D T s than that in DMF. That is because the ICI in (19) gives the effect on both DMT and DMF, while the time correlation in (11) and the intra-symbol interference in (27) give the effect on DMT only. 4. As shown in Fig. 7 , the larger Rician factor K makes the performance to be further improved, because the transmission channel is dominated by a stable LOS path. 5. As shown in Fig. 7(a) , on the assumption of the same parameter values in the equation, the performance is not affected by the FFT point size N and the number of a tapped-delay line of the delay profile model in the simulation. The large N only means the wide bandwidth, and then the frequency interval 1/T d between adjacent subcarriers is defined by T s and α, not N. 6. As shown in Fig. 7(b) , the BER performance of DQPSK is more degraded than that of DBPSK because of the intra-symbol interference in (27).
Now we evaluate the characteristics mentioned above by using typical Rayleigh fading channels, that is, IMT-2000 Vehicular channel A/B [16] and ETSI/BRAN channel A [17] . Tables 1 and 2 show the delay profile models and the simulation parameters, respectively, and Fig. 8 shows the BER performances. To simplify the evaluation, the number of subcarriers is equal to the FFT point size N, and then the OFDM symbol rate 1/T s can be calculated from where f b /2 indicates the DQPSK symbol rate. It is also found from Fig. 8 that the approximate results agree with the simulation ones, which is based on the fact that the BER in fading channel is determined by the value of rms delay spread σ τ , not by the shape of delay profile [18] . This figure shows DMF has the advantage of low BER in the case of high Doppler frequency like IMT-2000 channel model. Fig. 9 shows an example of the comparison of BER performances for DMT and DMF, which are calculated by the approximate equation. In the case of small σ τ /T s , e.g. σ τ /T s = 5 × 10 −4 , it is found that DMF shows the better performance on the condition of large f D T s , e.g. f D T s > 10 −3 . Generally speaking, the symbol period T s in OFDM systems is much longer than that in single carrier systems, then the availability of DMF can be easily certified by the approximate equation.
Finally, we should note that the validity of the approximate equation is confirmed by the evaluation.
Conclusion
We propose the approximate equation for easily and promptly calculating the BER in DPSK/OFDM systems over both time and frequency selective Rician fading channels. It is confirmed by the performance evaluation that the proposed equation can precisely express the characteristics of the BER performance over fading channels.
It should be mentioned that the analysis in this paper is conducted on the assumption of the absence of frequency offset in a local oscillator. We would now like to go on to develop this analysis by taking account of the offset.
